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A theory of massive gravity depends on a nondynamical ”reference metric” fµν which is often
taken to be the flat Minkowski metric. In this paper we examine the theory of perturbations on a
background with metric g¯µν which does not coincide with the reference metric fµν . We derive the
mass term for general perturbations on this background and show that it generically is not of the
form of the Fierz-Pauli mass term. We explicitly compute it for some cosmological situations and
show that it generically leads to instabilities.
PACS numbers: 04.50.Kd, 11.10.Ef
I. INTRODUCTION
In recent years, interest in massive gravity theory has
been rekindled. There are two main reasons for this:
first, a graviton mass weakens gravity on large scales and
provides a natural mechanism of ”degravitation” which
can solve the cosmological constant problem [1–3]. If
the graviton is massive, the range of gravity is finite and
a cosmological constant does not gravitate. Second, if
one fine tunes the graviton mass to mg ∼ H0, where
H0 ' 1.5×10−42GeV is the value of the Hubble constant,
gravity weakens around this scale and such a modified
gravity theory can explain the observed present acceler-
ated expansion of the Universe [4–8]; hence, it can play
the role of dark energy [9–12].
In order to give the graviton, i.e., the degrees of free-
dom of the metric of spacetime a mass, one has to in-
troduce a reference metric in order to define a potential
which gives energy to deviations away from the reference
metric. For a scalar field or a vector field, this reference
point is usually set to zero. For the metric this is not an
option since the metric fµν = 0 is singular.
There is also the possibility to avoid the reference met-
ric but at the cost of nonlocal terms like for example
m2−1Gµν in the equations of motion [13]. Such the-
ories are usually not ghost free, but recently a solution
where massive gravity can mimic dark energy for such a
theory has been found [14–16].
The most natural reference metric seems to be the
Minkowski metric, fµν = ηµν = diag(−1, 1, 1, 1), but in
principle the reference metric is general [17]; also, other
possibilities like a de Sitter reference metric [11, 18] have
been considered. Moreover, since time translation invari-
ance is broken at very low energy, i.e. on cosmological
scales, this might be an indication for a more general,
less symmetric reference metric.
A generic quadratic term in the ”metric perturbations”
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gives rise not only to three additional propagating grav-
itational modes which are necessary to complete the two
massless modes to a massive spin-2 particle, but to an
additional helicity-zero mode which is a ghost. To avoid
this ghost, one has to introduce a mass term of a very spe-
cific form, the so-called Fierz-Pauli mass term [19], but
even in this case, as has been shown by Boulware and
Deser [20], the ghost reappears at the nonlinear level.
Recently, de Rham, Gabadadze and Tolley
(dRGT) [21, 22] have proposed a nonlinear, poly-
nomial generalization of the Fierz-Pauli mass term
which is ghost free for an arbitrary reference metric
f and physical metric g. They have shown that the
interactions between the different helicity modes can be
at most fourth order in the Langrangian. The action is
written in the form
S =
M2P
2
∫ √
−det g [R(g)− U(f, g)] , (1)
where the second term, added to the usual Einstein-
Hilbert action, takes into account the mass potential of
the graviton. This work has spurred a flurry of activity
in massive gravity theories1. Especially, people want to
investigate whether massive gravity can be at the origin
of the observed accelerated cosmological expansion. For
this, solutions which lead to an expansion history close
to the one of the observable Universe have been stud-
ied [11, 12, 18].
To investigate cosmology in massive gravity, we of
course cannot simply search for a background solution
of massive gravity which reproduces the observed cos-
mological expansion history, but we also need to study
perturbations on this cosmology which are relevant for
the anisotropies of the cosmic microwave background and
large-scale structure formation. This has been started for
some specific cases e.g. in Refs. [10, 23–25].
This is also where the present work sets in. We derive
the generic form of the graviton mass term in perturba-
1 Since 2010, 302 papers with ”massive gravity” in the title have
been submitted to the arXiv at the time of this writing.
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2tion theory. For this we allow for an arbitrary reference
metric fµν and a background solution g¯µν . We consider
the true metric given by gµν = g¯µν + hµν , where hµν
is a small perturbation which we want to study up to
quadratic order in the Lagangian. The first-order terms
vanish due to the fact that g¯ solves the equations of mo-
tion, and we are only interested in the second order. For
the perturbed potential we can write up to second order
in hµν
√
−det gU(f, g) =
√
−det g¯ [U(f, g¯) +Mµναβhµνhαβ] .
(2)
The main goal of this work is to determine the tensor
Mµναβ(f, g¯) for arbitrary reference metric fµν and back-
ground g¯µν . We will find that for f = g¯, the mass term
is, as expected, the Fierz-Pauli combination. In this case,
we know that also the higher order terms in hµν are
ghost free by construction. We show that when f 6= g¯
the quadratic mass term does not satisfy the Fierz-Pauli
tuning. However, this does not imply the presence of a
ghost. In this nonperturbative case, it has to be checked
that the constraint equations still project out the ghost.
This has been done previously in Ref. [17]. However, it
has also been shown recently that even the second scalar
mode, which is ”healthy” in vacuum, can become ghost-
like in certain cases, e.g. in cosmology [26].
We finally discuss our mass term in a cosmological set-
ting, where we also solve the perturbation equations for
a special case.
The rest of the paper is organized as follows. In Sec. II
we derive the general form of Mαβµν . In Sec. III we
apply our result in cosmology and discuss it. In Sec. IV
we conclude. Some lengthy calculations are deferred to
appendixes.
Notation We use the metric signature (−,+,+,+). The
reduced Planck mass MP is given by M
2
P = (8piG)
−1,
where G denotes Netwon’s gravitational constant.
Matrices are often denoted without indices, g ≡ (gµν).
In order to avoid confusion, determinants and traces are
always clearly indicated as such, det g and trK ≡ [K].
II. METRIC PERTURBATIONS
Let us consider g¯µν to be a solution to a given massive
gravity theory with reference metric fµν and graviton
potential
U(f, g) = −2m2 (U2(K) + U3(K) + U4(K)) (3)
where
Kµν = δµν − (
√
g−1f)µν and (4)
U1(K) = [K] , (5)
U2(K) = 1
2
(
[K]2 − [K2]) , (6)
U3(K) = 1
6
(
[K]3 − 3[K][K2] + 2[K3]) , (7)
U4(K) = 1
24
(
[K]4 − 6[K]2[K2] + 3[K2]2 +
8[K][K3]− 6[K4]
)
= det(K) . (8)
Here we use the notation [K] = trK = Kµµ, [K2] =
trK2 = KµνKνµ and so forth. U1 which does not ap-
pear in Eq. (3) has been defined for later convenience.
Notice that K and therefore U(f, g) vanish when g = f .
The square root of the matrix g−1f is just some ma-
trix whose square is g−1f . In general, this is not unique.
However, if g−1f is close to the identity, g−1f = 1I + 
with |µν | < 1/d, where d denotes the dimension of the
matrix, we want to choose the root given by the conver-
gent Taylor series,
√
1I +  = 1I +
∞∑
k=0
( 12 − k)( 12 − k + 1) · · · 12
(k + 1)!
k+1 . (9)
The potential U(f, g) can be deformed by introducing
arbitrary coefficients in front of U3 and U4,
U(f, g) = −2m2 (U2(K) + c3U3(K) + c4U4(K)) . (10)
In Ref. [27] it is shown that this is the most general po-
tential for a ghost-free theory of massive gravity in four
dimensions.
We now want to consider linear perturbations around
a background solution with g¯µν 6= fµν for the massive
gravity theory with potential (10). To derive the linear
perturbation equations we develop the Lagrangian
L(g) =
M2P
2
√
−det g
(
R(g)− U(f, g)
)
(11)
to second order in hµν , the deviation of the true metric g
from the background, gµν = g¯µν +hµν . The kinetic term
for hµν is determined by the Einstein operator, Eµναβ , in
curved spacetime [28]√
−detgR(g) =
√
−det g¯
[
R(g¯)−hµνGµν(g¯)
+hµνEµναβ(g¯)hαβ +∇µV µ
]
+O(h3) (12)
with
Eµναβ(g¯) = −1
2
[ (
g¯µαg¯νβ − g¯µν g¯αβ)
+
(
g¯µν g¯αρg¯βσ + g¯αβ g¯µρg¯νσ − g¯µβ g¯νρg¯ασ
−g¯αν g¯βρg¯µσ)∇ρ∇σ]+ R¯
4
(
g¯µαg¯νβ − 1
2
gµν g¯αβ
)
. (13)
3Here the covariant derivatives are taken with respect
to the background metric g¯ and  = g¯ρσ∇ρ∇σ is the
d’Alembertian operator. The kinetic term in square
brackets in (13) is just the curved spacetime version of the
well-known Einstein operator, see e.g. [21] and the term
proportional to R¯ gives a contribution to the potential
for hµν which vanishes in a flat background. This term
looks like a mass term which does not satisfy the Fierz-
Pauli tuning; however, this term is usually not harmful.
Gµν in Eq. (12) is the Einstein tensor which solves the
background equations of motion, and the total derivative
∇µV µ is irrelevant for the equations of motion.
For Tµν 6= 0 there also comes a contribution to the
mass term from the variation of the matter Langrangian
which is of the form
Mµναβmat =
1
2
1√−det g
∂2(
√−det gLm)
∂gµν∂gαβ
∣∣∣∣
g=g¯
=
1
2
1√−det g
∂(
√−det gTµν/2)
∂gαβ
∣∣∣∣
g=g¯
, (14)
where Lm denotes the matter Lagrangian. In the follow-
ing we do not consider this model-dependent term. The
result which we obtain is however strictly only valid in
vacuum. This does not render it uninteresting as we ex-
pect that like the massless Einstein equations, also the
massive equations have vacuum solutions where g¯ differs
widely from f at least in certain regions of spacetime,
like, e.g., the Schwarzschild solution. However, in a cos-
mological context, this matter-induced mass term does
in principle also contribute.
We note in passing that the only difference of massive
gravity theory to a bimetric theory of gravity is that our
Lagrangian does not contain a kinetic term for the refer-
ence metric f . Massive gravity is therefore a theory with
a ”frozen-in” second metric f which is not a dynamical el-
ement of the theory, but an ”absolute spacetime”. This
is somewhat artificial. Actually, the beauty of general
relativity where spacetime is dynamically determined by
the matter content of the Universe is lost. Cosmologi-
cal solutions for bimetric theories of gravity which add
the term (M2P /2)
√−detfR(f) to the above Langrangian
have also been studied [29–31].
The Einstein operator is symmetric under the exchange
(µν) ↔ (αβ). We could also symmetrize it in µν and in
αβ but since we apply it only on the symmetric tensor
hµν this does note make a difference. Furthermore, we
omit the total derivative in Eq. (12) for simplicity.
We want to determine the second-order perturbation
of the potential. Up to second order in hµν the potential
is of the form
√
−det gU(f, g) =
√
−det g¯
[
U(f, g¯) +Mµν(f, g¯)hµν
+Mµναβ(f, g¯)hµνhαβ
]
, (15)
where
Mµν(f, g¯) ≡ 1√−det g
∂(
√−det gU(f, g))
∂gµν
∣∣∣∣
g=g¯
,(16)
Mµναβ(f, g¯) ≡ 1
2
1√−det g
∂2(
√−det gU(f, g))
∂gµν∂gαβ
∣∣∣∣
g=g¯
.(17)
We consider perturbations around a solution g¯ of the
equations of motion. The terms linear in hµν in the La-
grangian therefore cancel due to the background equa-
tions of motion and we omit them in our discussion.
For noncommuting matrices
√
AB 6= √A√B, and we
cannot simply expand
√
g−1f =
√
(1I + h)−1g¯−1f in h =
(hµα) = (g¯
µνhνα). Following [24], we therefore use the
fact that the potential (10) can also be written in the
form
U(f, g) = −2m2
[
a0 + a1U1(
√
g−1f) + a2U2(
√
g−1f)
+a3U3(
√
g−1f)
]
, (18)
with
a0 = 6 + 4c3 + c4, a1 = −(3 + 3c3 + c4)
a2 = 1 + 2c3 + c4, a3 = −c3 − c4. (19)
Furthermore, as one can easily verify by bringing√
g−1f into triangular form,
t1 ≡ U1(
√
g−1f) =
∑
i
λ
1/2
i , (20a)
t2 ≡ U2(
√
g−1f) =
∑
i<k
λ
1/2
i λ
1/2
k , (20b)
t3 ≡ U3(
√
g−1f) =
∑
i<k<l
λ
1/2
i λ
1/2
k λ
1/2
l , (20c)
t4 ≡ U4(
√
g−1f) =
√
λ1λ2λ3λ4 , (20d)
where λi are the eigenvalues of g
−1f , and 1 ≤ i, k, l ≤ 4.
Hence, we can write Eq. (18) as
U(f, g) = −2m2 [a0 + a1t1 + a2t2 + a3t3] . (21)
We define
s1 ≡ U1(g−1f) =
∑
i
λi , (22a)
s2 ≡ U2(g−1f) =
∑
i<j
λiλj , (22b)
s3 ≡ U3(g−1f) =
∑
i<j<k
λiλjλk , (22c)
s4 ≡ U4(g−1f) = λ1λ2λ3λ4 . (22d)
We now use the following relations between the tj and si
(1 ≤ j ≤ 3 , 1 ≤ i ≤ 4):
t21 = s1 + 2t2 , (23a)
t22 = s2 − 2
√
s4 + 2t1t3 , (23b)
t23 = s3 + 2t2
√
s4 . (23c)
4With this we can write the perturbations of tj in terms
of perturbations of si which in turn can be obtained from
g−1f = (1I+h)−1g¯−1f . We have to go to second order in
the perturbations. The details of this lengthy calculation
are given in Appendix A, here we just present the result.
√
−det gU(f, g) =
√
−det g¯ [U(f, g¯) +Mµναβ(f, g¯)hµνhαβ]+O(h3) with (24)
Mµναβ = −m2
[
a0Mµναβ0 + a1Mµναβ1 + a2Mµναβ2 + a3Mµναβ3
]
, (25)
Mµναβ0 =
1
4
g¯µν g¯αβ − 1
4
(
g¯µαg¯νβ + g¯µβ g¯να
)
(26)
Mµναβj = t¯jMµναβ0 +
1
2
(
g¯µνtαβj + g¯
αβtµνj
)
+ 2tµναβj , 1 ≤ j ≤ 3 , (27)
tµνj =
∂tj
∂gµν
∣∣∣∣
g=g¯
, tµναβj =
1
2
∂2tj
∂gµν∂gαβ
∣∣∣∣
g=g¯
. (28)
Here Mµναβ0 is the second-order perturbation of the de-
terminant
√−g and the quantities tµνj and tµναβj are the
first- and second-order derivatives of tj with respect to
the metric components gµν . Their full expressions are
very cumbersome, they are given in Appendix A.
Using the expressions given in the Appendix, as a first
check one can verify that this new quadratic potential for
hµν reduces to the Fierz-Pauli mass term if g¯ = f ,
Mµναβ(g¯, g¯) = −m
2
4
[
g¯µν g¯αβ − 1
2
(
g¯µαg¯νβ + g¯µβ g¯να
) ]
,
(29)
where we have explicitly symmetrized with respect to the
exchanges (µ↔ ν), (α↔ β).
Since the mass term given in Eq. (25) is so complicated,
it is very unlikely that it is of the Fierz-Pauli form in
general. Nevertheless, as explained in the introduction,
this does not mean that the theory has a ghost, when
g¯ 6= f .
III. APPLICATION TO COSMOLOGY
A. The mass term
In this section we apply our finding in a cosmological
setting. To obtain a homogeneous and isotropic solution
we first assume that both, g¯ and f are of the Friedmann-
Lemaˆıtre form with the same conformal time coordinate.
To simplify the analysis we neglect curvature and set
g¯µνdx
µdxν = a2(t)(−dt2 + δijdxidxj), (30)
fµνdx
µdxν = b2(t)(−dt2 + δijdxidxj) . (31)
Since the two metrics are proportional to each other, the
mass term can only be of the form
Mµναβ(f, g¯) = −m2
[
αg¯µν g¯αβ +
β
2
(
g¯µαg¯νβ + g¯µβ g¯να
)]
.
(32)
In the cosmological situation α and β depend only on
time, but the expressions below in terms of r(t) =
b(t)/a(t) are always correct when the two metrics g¯ and
f are conformally related by f = r2g¯.
Using the expressions in the Appendix and Eq. (25),
one obtains
α(t) =
1
4
[
1 + (1− r)
{
(5− r) +
c3 (4− 2r) + c4 (1− r)
}]
, (33)
β(t) = −1
4
[1 + (1− r) {(11− 4r) +
c3
(
8− 7r + r2)+ c4 (1− r) (2− r)}] . (34)
Evidently, for r(t) = 1 or a(t) = b(t) we recover the Fierz-
Pauli mass term with α(t) = −β(t) = 1/4, for arbitrary
values of c3 and c4, but since r is time dependent, this
value is not achieved in general. In Fig. 1 we show the
behavior of α and β as functions of r for some special
values for c3 and c4.
In [32], it has been shown that on a fixed background
the mass term (32) for α 6= −β indicates the presence of
a ghost with mass
m2ghost =
(α+ 4β)
2(α+ β)
m2 . (35)
In our situation with f 6= g¯ this is no longer true and the
presence or absence of a ghost has to be investigated by
other means. see e.g. Ref. [17].
Let us contrast this result with the alternative possi-
bility that f and g have the same physical time, which of
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FIG. 1: The functions α(r) (red) and β(r) (blue) are shown
for two cases: c3 = c4 = 0 (solid lines) and c3 = 1 , c4 = 0
(dashed lines).
course is not equivalent,
g¯µνdx
µdxν = −dτ2 + a2(τ)δijdxidxj , (36)
fµνdx
µdxν = −dτ2 + b2(τ)δijdxidxj . (37)
In this case the two metrics f and g¯ are no longer pro-
portional and the mass term takes the more complicated
form
M0000 = −m2γ(τ), (38)
Mij00 = −m2δ(τ)g¯ij , (39)
Mi0j0 = −m2(τ)g¯ij , (40)
Mijkl = −m2
{
ρ(τ)g¯ij g¯kl +
σ(τ)
2
[
g¯ikg¯jl + g¯ilg¯jk
]}
. (41)
Setting r(τ) = b(τ)/a(τ) we obtain
γ(τ) =
1
4
[
(1− r){(−6 + 3r) + c3 (−4 + 5r − r2)+
c4
(−1 + 2r − r2) }], (42)
δ(τ) = −1
4
[
1 + (1− r){ (5− r) + c3 (4− 2r) +
c4 (1− r)
}]
, (43)
(τ) =
1
4
1
(1 + r)
[
1 + (1− r){(5 + 2r − r2) +
c3
(
4− r − r2)+ c4 (1− r)}], (44)
ρ(τ) =
1
4
[
1 + (1− r){2 + c3}], (45)
σ(τ) = −1
4
[
1 + (1− r){(5− r) + c3 (2− r)}]. (46)
All other components of Mµναβ are determined by
its symmetry under exchange µν ↔ αβ, µ ↔ ν and
α ↔ β. Again, when r(τ) = 1 or a(τ) = b(τ),
we reach the Fierz-Pauli tuning which corresponds to
γ = 0, ρ = −δ = −σ = 1/4,  = 1/8. Note that in
terms of the ratio r δ(r) = −α(r) so that when writing
Mij00 = −m2φ(r)g¯ij g¯00, we obtain the same expression
for φ in both cases, equivalent physical time and equiva-
lent conformal time. Interestingly, c4 does not enter the
expressions for ρ and σ. In Fig. 2 we show the behavior
of δ, γ, , ρ, and σ as functions of r for the special case
c3 = 1, c4 = 0.
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FIG. 2: The functions γ(r) (red, solid line), δ(r) (purple,
dashed line), (r) (green, dotted line), ρ(r) (black, dash-
dotted line), and σ(r) (orange, long-dashed line) are shown
for the case c3 = 1, c4 = 0.
When a(τ) 6= b(τ), the perturbations of these solutions
again violate the Fierz-Pauli tuning.
For a cosmological situation where the time directions
of f and g¯ are boosted with respect to each other, the
mass term is more complicated. However, this case would
not allow for a homogeneous and isotropic solution and
is therefore not relevant. The most general cosmological
situation is dtf = r(tg)dtg, where tf and tg denote the
conformal times for the cosmological metrics f and g¯.
B. Evolution of cosmological perturbations
From Eq. (11) we can derive the background equation
of motion,
G¯µν + M¯µν = M−2P T¯µν , (47)
where G¯µν is the Einstein tensor for g¯µν , T¯µν ≡ Tµν(g¯)
and M¯µν is the contribution from the mass term, which
is calculated in Appendix B. For the cosmological form
of the metrics (36) and (37) and the energy momentum
tensor
T¯µν =
(
ρ¯ 0
0 a2p¯δij
)
, (48)
where ρ¯ and p¯ are the background energy density and
pressure, respectively, we obtain the Friedmann equa-
6tions
3H2 +m2
[
6− 9r + 3r2 + c3(4− 9r + 6r2 − r3)
+ c4(1− 3r + 3r2 − r3)
]
= M−2P ρ¯
(49)
and
2H˙ + 3H2 +m2
[
3− 4r+ r2 + c3(1− 2r+ r2)
]
= −M−2P p¯,
(50)
where H ≡ a˙/a (the dot denotes the derivative with re-
spect to physical time τ).
We are interested in the question of whether perturba-
tions of a cosmological solution have an instability due
to the mass term, a ghost, in addition to the usual insta-
bility to gravitational clustering (Jeans instability). As
is well known, the ghost always shows up in the scalar
sector. Therefore, here we only analyze the scalar pertur-
bation equations. A more general analysis is presented
in a forthcoming paper [33].
The most general scalar perturbations of the metric (in
Fourier space) are of the form
hµν ≡ δgµν =
( −2φ iakjB
iakiB 2a
2(ψδij − kikjE)
)
. (51)
The perturbation equations resulting from this ansatz are
Eqs. (C6), (C7), (C8), and (C9), given in Appendix C.
These equations are still rather cumbersome, and a full
analysis with cosmological expansion is given in [33].
Here we simply analyze the presence of a ghost due to
the mass term. For this, we simplify to the static solu-
tion H ≡ 0 and matter domination p¯ = 0. Inserting this
in Eq. (50), we find two possible solutions for r,
r =
{
1
3+c3
1+c3
= rc
. (52)
The first is simply Minkowski space with the Fierz-Pauli
tuning. For this case, a brief analysis of the perturba-
tion equations shows that there is no ghost but just one
massive degree of freedom, namely ψ, as expected, the
helicity 0 mode of the massive graviton. For r = rc,
however, we obtain a static solution due to the presence
of the mass term, which exists for c3 6= −1. The positiv-
ity of the energy density ρ¯ together with Eq. (49) then
requires
P1(c3, c4) = 3 + 2c3 + 3c
2
3 − 4c4 > 0 .
We can eliminate φ and B using the constraint
Eqs. (C6) and (C7). We now consider the static case
r = rc with vanishing matter perturbations δρ = δp =
v − B = 0 since we want to study the evolution of the
free gravitational field. Inserting H = 0 and r = rc we
obtain a system of the form
d2
dτ2
(
ψ
E
)
=
(
m2A0 + k
2A2
)( ψ
E
)
, (53)
where E = m2E. The matrices A0 and A2 are given by
A0 =
(
21+10c3+9c
2
3−12c4
4(1+c3)
0
Q(c3)− 4(1+c3)(2+c3)rcP1(c3,c4) rc
)
, (54)
A2 =
( − 1+c32 −P1(c3,c4)4(1+c3)
(1+c3)(−5+c23)
r2cP1(c3,c4)
−5+c23
2rc(3+c3)
)
,
where
Q(c3) =
33 + 27c3 − c23 − 3c33
2(3 + c3)2
.
The eigenvalues of A0 are
λ01 =
3 + c3
1 + c3
= rc (55)
λ02 =
21 + 10c3 + 9c
2
3 − 12c4
4(1 + c3)
, (56)
with eigenvectors
v01 =
(
0
1
)
(57)
v02 =
(
3P1(c3,c4)
4(1+c3)
(A0)21
)
. (58)
The fact that λ01 > 0, indicates an exponential instabil-
ity for small k.
The eigenvalues of A2 are
λ21 = 0 (59)
λ22 = − 7 + 3c3
r2c (1 + c3)
, (60)
with eigenvectors
v21 =
( −P1(c3,c4)2(1+c3)2
1
)
, (61)
v22 =
(
− r2cP1(c3,c4)
2(−5+c23)
1
)
. (62)
The nonvanishing eigenvalues are shown as functions of
c3 for c4 = 0 in Fig. 3. The situation for different values
of c4 is similar. Typically, one or both eigenvalues of A0
are positive, which indicates an instability.
The eigenvalue λ22 is negative for c3 > −1 so that high
momentum modes are stable. The value λ21 = 0 reflects
the fact that in dRGT massive gravity, the second scalar
mode does not really propagate [21, 22], but it also does
not decouple as it does in the Fierz-Pauli tuning. This
comes from the choice of the potential U(f, g). Never-
theless, as we have seen in this analysis, the mass term
still leads to exponential instabilities as the eigenmodes
of Eq. (53) behave as exp(±√λ0imt) for small momenta.
At this point, it is not clear how the expansion of the
Universe can mitigate this instability. When the eigen-
value for the momentum, λ22, is negative, there is still
72 4 6 8 10c3
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FIG. 3: The eigenvectors λ01 (red, solid), λ02 (blue, dashed)
and λ22 (green, dotted) are shown as functions of −0.5 < c3 <
10 for the case c4 = 0.
the chance that damping terms reduce the instability to
a power law as long as m2
<∼ H2. Hence it may be
that the instability found here is not a disaster for the
phenomenology of the observable, expanding Universe.
We study this issue in detail in a forthcoming publica-
tion [33].
IV. CONCLUSIONS
In this paper we have determined the form of the mass
matrix Mµναβ(f, g¯) for fluctuations about some back-
ground solution g¯. We have shown that for g¯ = f we
obtain the Fierz-Pauli mass term, whereas for g¯ 6= f a
more general mass term is found. In the simple case
f = r2g¯ the mass term is of the form
Mµναβ(f, g¯) = −m2
[
αg¯µν g¯αβ +
β
2
(g¯µαg¯νβ + g¯µβ g¯να)
]
.
(63)
We have calculated the functions α and β in terms of r
and found that one recovers the Fierz-Pauli mass term
only for r = 1. Even if r is a constant, r = c 6= 1, the
mass term is different.
We have also calculated the mass term in the cosmo-
logical setting when f and g¯ have the same physical time
but different conformal time. Also, in this case, when
g¯ 6= f , the mass term differs from the Fierz-Pauli one.
We have briefly analyzed the consequence of this mass
term in the case of ”static cosmology” and have shown
that even in this case, the mass term generically leads to
instabilities.
In the future we want to study the contributions of
matter, Tµν , to the mass term. This can be relevant
in the cosmological cases studied here where matter can
contribute significantly to the mass term. We plan to do
this in a forthcoming paper [33]. The main point of the
present paper is the full calculation of the mass term for
perturbations around an arbitrary background which can
be used to study linear perturbation theory around arbi-
trary backgrounds and for an arbitrary reference metric.
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Appendix A: The computation of the perturbed
potential
Here we present more details about the computation
of Mµναβ(f, g¯), and we give the detailed results. With
the help of Eq. (23) we can express the first- and second-
order perturbations of tj in terms of those of si. Like for
tj we set
sµνi =
∂si
∂gµν
∣∣∣∣
g=g¯
, (A1)
sµναβi =
1
2
∂2si
∂gµν∂gαβ
∣∣∣∣
g=g¯
. (A2)
To simplify the expressions we also introduce
A = 2
√
s¯4(t¯1)
2 + 2t¯3(−t¯1t¯2 + t¯3), (A3)
and the following combinations of first derivatives with
respect to the background metric g¯:
Bµν1 =
(
s¯4t¯1 −
√
s¯4t¯2t¯3
)
sµν1 −
√
s¯4t¯3s
µν
2 −
√
s¯4t¯1s
µν
3 + (t¯3 − t¯1t¯2) sµν4 , (A4a)
Bµν2 = −
√
s¯4t¯
2
3s
µν
1 −
√
s¯4t¯3t¯1s
µν
2 −
√
s¯4t¯
2
1s
µν
3 + (t¯3 − t¯1t¯2) t¯1sµν4 , (A4b)
Bµν3 = −s¯4t¯3sµν1 − s¯4t¯1sµν2 +
√
s¯4 (t¯3 − t¯1t¯2) sµν3 +
(√
s¯4t¯1 + t¯2 (t¯3 − t¯1t¯2)
)
sµν4 , (A4c)
With this the first derivatives of the tj can be written as
tµνj =
1
A
√
s¯4
Bµνj . (A5)
8To obtain the second derivatives we have to derive Eq. (23) a second time. A rather cumbersome but straightforward
calculation leads finally to
tµναβ1 =
(
t¯2t¯3
A3s¯4
− t¯1
A3
√
s¯4
)
Bµν1 B
αβ
1 −
t¯3
A3s¯4
(
Bµν1 B
αβ
3 +B
αβ
1 B
µν
3 −Bµν2 Bαβ2
)
+
t¯1
A3s¯4
Bµν3 B
αβ
3
− t¯1
2A2s¯4
(
Bµν2 s
αβ
4 +B
αβ
2 s
µν
4
)
+
(
t¯1t¯2
4As¯
3/2
4
− t¯3
4As¯
3/2
4
)
sµν4 s
αβ
4
+
(√
s¯4t¯1
A
− t¯2t¯3
A
)
sµναβ1 −
t¯3
A
sµναβ2 −
t¯1
A
sµναβ3 +
(
t¯3
A
√
s¯4
− t¯1t¯2
A
√
s¯4
)
sµναβ4 , (A6a)
tµναβ2 =
t¯23
A3s¯4
Bµν1 B
αβ
1 −
t¯1t¯3
A3s¯4
(
Bµν1 B
αβ
3 +B
αβ
1 B
µν
3 −Bµν2 Bαβ2
)
+
t¯21
A3s¯4
Bµν3 B
αβ
3
− t¯
2
1
2A2s¯4
(
Bµν2 s
αβ
4 +B
αβ
2 s
µν
4
)
+
(
t¯21t¯2
4As¯
3/2
4
− t¯1t¯3
4As¯
3/2
4
)
sµν4 s
αβ
4
− t¯
2
3
A
sµναβ1 −
t¯1t¯3
A
sµναβ2 −
t¯21
A
sµναβ3 +
(
t¯1t¯3
A
√
s¯4
− t¯
2
1t¯2
A
√
s¯4
)
sµναβ4 , (A6b)
tµναβ3 =
t¯3
A3
√
s¯4
Bµν1 B
αβ
1 −
t¯1
A3
√
s¯4
(
Bµν1 B
αβ
3 +B
αβ
1 B
µν
3 −Bµν2 Bαβ2
)
+
(
t¯1t¯2
A3s¯4
− t¯3
A3s¯4
)
Bµν3 B
αβ
3
+
(
t¯3
2A2s¯4
− t¯1t¯2
2A2s¯4
)(
Bµν2 s
αβ
4 +B
αβ
2 s
µν
4
)
+
(
t¯1t¯
2
2
4As¯
3/2
4
− t¯1
4As¯4
− t¯2t¯3
4As¯
3/2
4
)
sµν4 s
αβ
4
−
√
s¯4t¯3
A
sµναβ1 −
√
s¯4t¯1
A
sµναβ2 +
(
t¯3
A
− t¯1t¯2
A
)
sµναβ3 +
(
t¯1
A
+
t¯2t¯3
A
√
s¯4
− t¯1t¯
2
2
A
√
s¯4
)
sµναβ4 . (A6c)
With this we have expressed the derivatives of the quantities tj in terms of those of the si, but the latter can be
obtained directly by expanding the matrix
g−1f = (g¯(1 + h))−1 f ≈ (1− h+ h2)g¯−1f .
Here h denotes (hµν) = (g¯
µαhαν). We apply the formula (5) to (8) for Uj(g
−1f). These are given in terms of
g−1 = (gµν). Using that for an arbitrary function F (g−1) we have
∂F
∂gµν
= −gµαgνβ ∂F
∂gαβ
, (A7)
9a direct evaluation of si and their first and second derivatives leads to
s¯1 = fµν g¯
µν , (A8a)
sµν1 = −g¯µαg¯νβfαβ , (A8b)
sµναβ1 =
1
8
fρσ
{[
g¯µρg¯νβ g¯σα + (µ↔ ν) + (α↔ β) + (µ↔ ν)(α↔ β)]+ [· · · ] ((µ, ν)↔ (α, β))} , (A8c)
≡ sym{fρσ g¯µρg¯ναg¯βσ}
s¯2 =
1
2
fαβfµν
(
g¯αβ g¯µν − g¯µαg¯βν) , (A8d)
sµν2 = fρσfλη
(
g¯µρg¯νλg¯ση − g¯µρg¯νσ g¯λη) , (A8e)
sµναβ2 = sym
{
fρσfλη
(
g¯µαg¯νρg¯βσ g¯λη +
1
2
g¯µρg¯νσ g¯αλg¯βη − g¯µαg¯νρg¯βλg¯ση − 1
2
g¯µρg¯νλg¯ασgβη
)}
, (A8f)
s¯3 =
1
6
fαβfρνfσµ
(
2g¯µαg¯βρg¯νσ + g¯αβ g¯νρg¯µσ − 3g¯αβ g¯µρg¯νσ) , (A8g)
sµν3 = fσηfρλfαβ
(
g¯µσ g¯νρg¯ηλg¯αβ − g¯µσ g¯νρg¯ηαg¯λβ + 1
2
g¯µσ g¯νη g¯ραg¯λβ − 1
2
g¯µσ g¯νη g¯ρλg¯αβ
)
, (A8h)
sµναβ3 = sym
{
fγfρλfση
[
g¯µγ g¯νρg¯αg¯βσ g¯λη + g¯µγ g¯ναg¯βρg¯σ g¯λη +
1
2
g¯µαg¯νγ g¯βg¯ρλg¯ση +
1
2
g¯µγ g¯νg¯αρg¯βλg¯ση
−g¯µγ g¯ναg¯βρg¯λg¯ση − g¯µγ g¯νρg¯ασ g¯βη g¯λ − 1
2
g¯µγ g¯νρg¯αg¯βλg¯ση − 1
2
g¯µαg¯νγ g¯βg¯λσ g¯ηρ
]}
, (A8i)
s¯4 = det
(
g¯−1f
)
, (A8j)
sµν4 = −s¯4g¯µν (A8k)
sµναβ4 =
s¯4
2
(
g¯µν g¯αβ +
1
2
g¯µαg¯νβ +
1
2
g¯ναg¯µβ
)
(A8l)
The operator sym{· · · } indicates symmetrization in (µ↔ ν), (α↔ β) and (µ, ν)↔ (α, β).
These are the expressions for the derivatives of the si which have to be inserted in the formulas for the variations
of de tj which in turn enter in the expression for Mµναβ . Not surprisingly, the expressions for the variations of s2
and s3 are quite cumbersome. We did not find any further significant simplifications for them in the general case.
Appendix B: The computation of M¯µν
In this Appendix we present more details about the computation of the mass term M¯µν ≡ Mµν(f, g¯) defined in
Eq. (16) and used in Eq. (47). We have
M¯µν ≡
{
1√−detg
δ(
√−detgU(g, f))
δgµν
}∣∣∣∣
g=g¯
=
1
2
U(f, g¯)g¯µν − 2m2(a1tµν1 + a2tµν2 + a3tµν3 ), (B1)
where we have used δ
√−detg
δgµν
= 12
√−detggµν and, from Eq. (21),
δU(f, g)
δgµν
∣∣∣∣
g=g¯
= −2m2
(
δ(a1t1 + a2t2 + a3t3)
δgµν
)∣∣∣∣
g=g¯
= −2m2(a1tµν1 + a2tµν2 + a3tµν3 ). (B2)
The quantities tµνj can be written in terms of s
µν
j , see Eqs. (A4) and (A5) which are given in Eq. (A8).
Appendix C: The equations of motion for the cosmological perturbations
Here we present the derivation of the equations of motion for the perturbations at first order based on the second-
order perturbed part of the action (11). In complete generality, these equations of motion have the form
10
δGµν + δMµν = 8piGδTµν , (C1)
where δGµν , δMµν and δTµν stand for the first-order perturbation of the usual Einstein tensor Gµν , the first-order
perturbation of the mass term and the first-order perturbation of the energy-momentum tensor, respectively. The
perturbations δGµν and δT
µ
ν can be found in the literature (see e.g. [34–36]). For the mass term we have
δMµν = δ(Mµρgρν) = δMµρg¯ρν + M¯µρδgρν , (C2)
where
δMµρ = δ
δhµρ
(Mτσαβhτσhαβ) = 2Mµραβhαβ . (C3)
M¯µρ has already been calculated in Appendix B. We choose the background metric g¯µν given by Eq. (36), while
the metric fµν is given by Eq. (37) so that we can use Eq. (38) for the components of the mass tensor Mµναβ . We
are interested in scalar perturbations of the metric gµν which we decompose into Fourier components that evolve
independently. Note that we cannot fix a particular gauge since the mass term in the action is not gauge invariant
a priori (see, however, the discussion about the ”hidden symmetry” for perturbations on Minkowski or de Sitter
spacetime in Ref. [32]). Gauge invariance can be restored by means of the Stu¨ckelberg trick [37, 38], but we are not
doing this here. The metric perturbation of a Fourier component is
hµν(τ, k) ≡ δgµν =
( −2φ iakjB
iakiB 2a
2(ψδij − kikjE)
)
. (C4)
The energy-momentum tensor up to first order in scalar perturbations is given by
Tµν =
( −ρ¯− δρ −a(ρ¯+ p¯)(ikjv − ikjB)
a−1(ρ¯+ p¯)ikiv (p¯+ δp)δij
)
. (C5)
The first-order perturbation equation, δG00 + δM00 = M−2P δT 00, then becomes{
2k2
a2
+ 3m2
(
2c3(r − 2)(r − 1) + c4(r − 1)2 + r2 − 6r + 6
)}
ψ +
2Hk2
a
B
−m2
{
2c3(r − 2)(r − 1) + c4(r − 1)2 + r2 − 6r + 6
}
k2E
−
{
6H2 +m2(r − 1)
(
c4(r − 1)2 + c3(r − 4)(r − 1)− 3r + 6
)}
φ− 2Hk2E˙ + 6Hψ˙ = M−2P δρ.
(C6)
Equation δG0i + δM0i = M−2P δT 0i is
m2
(r − 1)r2(c3(r − 3) + c4(r − 1))+ (3− 2r)r2
r + 1
B +
2H
a
φ− 2
a
ψ˙ = M−2P (p¯+ ρ¯) (v −B). (C7)
Equation δGii + δMii = M−2P δT ii reads
m2
{
c3(r − 3)(r − 1) + r2 − 8r + 9
}
k2E
+
{
−3m2
(
2c3(r − 2)(r − 1) + c4(r − 1)2 + r2 − 6r + 6
)
+ 12H˙ + 18H2 − 2k
2
a2
}
φ
−
{
3m2
(
c3(r − 3)(r − 1) + r2 − 8r + 9
)
+ 2
k2
a2
}
ψ
+ 2k2E¨− 18Hψ˙ + 6Hφ˙− 6ψ¨ + 6Hk2E˙− 2k
2
a
B˙ − 4Hk
2
a
B = 3M−2P δp.
(C8)
Finally, the longitudinal, traceless part of the (ij) component of the equation of motion,(
kˆikˆ
j − 1
3
δji
)(
δGij + δMij
)
= M−2P
(
kˆikˆ
j − 1
3
δji
)
δT ij (C9)
11
(where kˆi is the unit wave vector), reads
m2
{
c3(r − 1)r + r2 − 2r
}
E +
B˙
a
+
ψ
a2
− E¨− 3HE˙ + φ
a2
+
2H
a
B = 0. (C10)
For the static situation, H = H˙ = 0 and vanishing matter perturbations, this system reduces to (53).
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